Introduction
It is a safe bet that everyone reading this is familiar with the quadratic formula.
Fact 1 If ax
2 + bx + c = 0 and a = 0 then
One might say that this formula allows one to solve the quadratic with a pencil. There is an analogous formula for the general quartic equation, ax 4 + bx 3 + cx 2 + dx + e = 0. If you just have to know the formula or one way to derive it and don't care about anything else, you may just skip to the last section of this paper. However, there is a mathematical notion of a pencil, which is rather cool and has gained prominence in geometry in recent years. In what follows pencils will be described and then used to solve the general quartic.
Pencils
The family of quadratic sections given by Figure 1 is the key to the solution of the general quartic given in this paper. By looking at it you may be able to figure out the general formula on your own. The family of curves obtained as the zeros of the family of degree three two variable polynomials given by y 2 − 2x 2 (x + 8) + λ(x 2 − (y + 1) 2 (y + 9)) = 0 is a very standard example of a pencil of curves. Several of these curves (λ = −1, λ = 0, λ = 2, λ = 10, λ = ∞) are graphed in the left frame of figure 2. Just two of the curves are graphed in the right frame of figure 2.
If you look carefully you will see that the pair of curves on the right pass through exactly nine points in common. Every curve in the pencil passes through each one of these nine points. There is a unique curve in the pencil that passes through any other point. One of the generic curves in the second pencil is displayed in the left frame of figure 3 , and one of the singular curves is displayed in the right frame of figure 3 . The singular curve is called a fish tail. Algebraic geometers tend to be rather smart. They will draw pictures of pencils similar to figure 2, but realize that much more is happening than the picture directly shows. We will now look at some of these concepts in greater detail and make a few points. The first point that arises is that the appropriate field of numbers to use is the field of complex numbers, C (or more generally an algebraically closed field). This is because any degree d polynomial will have exactly d zeros counted with multiplicity in C. The same statement cannot be said using the real numbers. Thus, to really understand a polynomial one should realize that the graph is what normal people would call a surface (What an algebraic geometer calls a surface is actually four dimensional). For example the picture that an algebraic geometer draws of the curve, y 2 = x 3 − x is displayed in figure 4 . We can describe the actual shape of this curve by starting with the observation that with the exception of the points x = −1, x = 0, and x = 1, every x-value Corresponds to two y-values. So we can construct this shape from two copies of the complex plane. The left side of figure 5 displays the points x = −1, x = 0, and x = 1 in the complex plane together with a segment connecting points x = −1 and x = 0 and a ray from x = 1 to infinity. The segment and ray are called branch cuts. To go further we will use Euler's formula for the complex exponential: e iθ = cos θ + i sin θ. Consider the circle described by x = i which is on the other sheet (branch). This is the first instance that we will see of what is called monodromy. The value of y also switches from one sheet to another as x traverses the circle. We would like to match the y-values up consistently with the x-values. This is why we introduce the branch cuts. The right side of figure 5 displays the result of cutting open two copies of C along the branch cuts and glueing them together in a way consistent with the equation
The top sheet (principal branch) is left alone and the bottom sheet (other branch) is reflected in the real axis before being glued to the principal branch. The resulting surface is known as the Riemann surface for y = √ x 3 − x. Talk about this with the mathematically adept or read all about it under the heading of Riemann surfaces in your library.
The second point that arises is that it is useful to add points at infinity. The reason for extra points at infinity is to make sure that the zero locus of a degree d two variable polynomial always intersects the zero locus of a degree e two variable polynomial in de points. Without extra points most pairs of lines in a plane intersect in one point. Properly adding extra points will insure that every pair of distinct lines will intersect in exactly one point. This is the motivation for the definition of complex projective space. The n-dimensional complex projective space is defined as the collection of equivalence classes of nonzero ordered n + 1-tuples. Two n + 1-tuples are equivalent if they are scalar multiples of each other. This is very similar to the definition of a rational number: the fractions are the same. The n-dimensional complex plane is denoted by CP n , and the elements of it are denoted by [z 0 : z 1 : . . . : z n ]. The set of points of the form [1 : z 1 : . . . : z n ] is a copy of C n contained in CP n . The points at infinity are the points of It is not too difficult to extend this to a method to add points at infinity to many spaces. The spaces that algebraic geometers study are the solutions to systems of polynomial equations. If f (z 1 , . . . , z n ) is a polynomial function defined on C n , one may define the associated homogenous polynomial by
). Points at infinity are added to the solutions of a system of polynomial equations by considering all solutions to the homogenous polynomials in the corresponding projective space. To see how this works, consider the example from figure 4. The homogenous polynomial is w 3 (
The only zeros of this polynomial with w = 0 have x = 0 as well and so are equal to the point [0 : 0 : 1] which is the new point at infinity. Any zero with w = 0 may be scaled to get a zero with w = 1. Such points correspond to the zeros of y 2 − x 3 + x. The result of glueing this one extra point at infinity to figure 5 is displayed in figure 6 . The process that we just described is called projectivization. Talk to the math adept or look in the library for more information.
We can now apply the projectivization proceedure to the pencil from figure 2. Following the algebraic geometers, we will use the complicated notation, H 0 (CP 2 ; O(L 3 )) to denote the vectorspace of all degree 3 homogenous polynomials in three variables. This is a 10 dimensional space. Can you find a basis for it? The pencil in figure 2 is nothing more than the 2-dimensional subspace of
2 (y + 9z))|µ, λ ∈ C}. Each curve in the figure is the locus of zeros of one of the polynomials for (µ, λ) = 0. Two polynomials correspond to the same curve if and only if they are scalar multiples of each other. It is natural to label the curves by elements of 1-dimensional complex projective space, [µ : λ]. To go further, it is worth unraveling some of the notation that the algebraic geometers use for the space of polynomials of degree 3. Define an equivalence relation on (C 3 − {0}) × C by (x, y, z, t) ∼ (λx, k . This is in fact the case. These are examples of cohomology groups. A linear system on X is by definition a subspace of H 0 (X; O(L)). When one speaks of the dimension of a linear system, one usually means the dimension of the projective space quotient of the linear system. This is one less than the vectorspace dimension. A pencil is a 1-dimensional linear system (so a 2-dimensional linear subspace of H 0 (X; O(L))). Wow, that was a lot of terminology and notation to describe something fairly simple: a family of polynomials of the form, parameter times p plus second parameter times q. Here p and q are degree d homogenous polynomials. This entire mess exists because it helps to describe interesting features of projective algebraic varieties, and even more general spaces. The pencil in the first figure is in disguise. Written as a pencil, it takes the form µ(y 2 − 7yz + 6xz) + λ(y − x 2 ). This morphs into the expression before figure 1 after substituting µ = 1 and some algebraic rearrangement.
We can now start to describe the geometry associated to a pencil. It is worth considering pairs consisting of a label of a curve in the pencil together with a point on that curve. In the case of figure 2 we get E(1) = {([µ : λ], [x :
. This is called an Enriques surface. There is a projection map, π 2 : E(1) → CP 2 (x + 8z) = 0 and zx 2 − (y + z) 2 (y + 9z) = 0 simultaneously, every point in CP 2 has exactly one inverse image. The inverse image of any of the nine intersection points is a copy of the Riemann sphere CP 1 . We say that E(1) is the result of blowing up CP 2 at nine points, and CP 2 is the result of blowing down nine spheres in E(1). Algebraic geometers say that E(1) and CP 2 are birationally equivalent. To get deeper into the geometry, consider the other projection map The critical points with z = 0 and µ = 0 may now be found by setting the partial derivatives of λ with respect to x and y equal to zero. Critical points with z = 0 or µ = 0 may be found similarly. The critical points and corresponding λ and µ values are listed in table 1 (first two significant digits only). figure 3 . The corresponding critical point is x = 0, y = 0, z = 1 (the point where the tail meets the fish). The inverse image of a circle that does not enclose a critical value is just a "cylinder" as in the left frame of figure 7 where each fiber (vertical line) is really the donut shape of a smooth cubic (figure 6.). The inverse image of a circle that surrounds a critical point is a fiber bundle i.e. "twisted cylinder" as in the right frame of figure 7. A space that fibers over a surface with only non-degenerate critical points and only one critical point per critical value is called a Lefschetz fibration. A space that can be turned into a Lefshetz fibration by blowing up a number of singularities is called a Lefschetz pencil. Lefschetz fibrations may be described up to topological equivalence by combinatorial data that describes the monodromy i.e. "twisting" around each singular fiber. It turns out that any projective algebraic variety has the structure of a Lefschetz pencil obtained by intersecting the variety with every complex codimension one hyperplane that contains a given generic complex codimension two hyperplane. The recent activity related to Lefschetz pencils is due to a pair of theorems by Donaldson and Gompf. The theorem of Donaldson states that any symplectic manifold (an important class of objects in modern geometry) admits the structure of a Lefschetz pencil [2] . The theorem of Gompf establishes that any Lefschetz fibration is a symplectic manifold [4] . You guessed it. Talk to the mathematically adept or read all about it at your library. We will now move from pencil propaganda to the solution of the general quartic.
The quartic formula
By scaling any quartic equation may be written in the form:
Now substitute x = u + k into this equation, combine like terms and solve for the value of k that will force the coefficient of u 3 to zero. This gives k = − 1 (λ = 10). After writing a generic cubic in the form u 2 w − v(v − w)(v − kw) = 0, the argument given leading up to figure 6 demonstrates that the generic cubic in CP 2 is a donut.) Returning to the solution of the quartic set v = u 2 solving the system of equations v = u 2 , v 2 + pv + qu + r = 0 is easily seen to be equivalent to solving the quartic u 4 + pu 2 + qu + r = 0. In fact for any fixed parameter λ the quartic is equivalent to the system
Our first pencil from figure 1 takes the form of the second equation above. Geometrically, the second equation is a pencil of quartics that share four points in common. These four points provide the desired solutions to the quartic. In general finding the points of intersection of a pair of quadratic sections (say a parabola and ellipse) is difficult. However, the pencil has one singular fiber. This singular fiber may be described as a union of two lines. Finding the points of intersection of a line and parabola is routine. We can rewrite this second equation as
Provided
) = 0. Substituting v = u 2 into these two equations produces two quadratic equations that may be solved for u. The final result is given below.
where
256 , and λ is any solution to
The above solution to the quartic equation is only useful if one has a solution to the general cubic equation. One solution to the general cubic equation is given below. (3b − a 2 ) and q = 1 27
The other solutions to the general cubic are expressed as linear combinations of the two cube roots in the given expression. You could try to derive the solution to the general cubic by constructing an appropriate pencil. Alternatively, the general cubic may be solved by making a change of variables and scale to put it in the form 4u 3 − 3u − k = 0, which may be solved by comparison with the trig identity 4 cos 3 θ − 3 cos θ − cos(3θ) = 0. Euler's formula for e iθ may be used to interpret cos( arccos k) for values of k that do not lie between ±1.
One of the truly amazing things about mathematics is that things that seem unrelated are often related in surprising ways. Starting from the quartic equation, it is possible to get lost on a detour of the geometry of pencils. There are many forks in the road that we passed by. One may ask if there is a similar formula for the solution to the quintic equation. The answer is that there is no formula for the solution to general quintic equation expressed in terms of a finite number of radicals, and field operations. There is, however, a solution of the general quintic expressed in terms of hypergeometric functions. This fork will lead deep into algebraic territory and differential equations land. The fork down symplectic geometry lane leads deeply into the mathematics of mechanical systems. There is a long history associated to the solution of the quartic equation. The historical notes (written by V. Katz) in the abstract algebra text on my shelf run from the Babylonians to the Chinese to the Arab Omar Khayyam, through several Europeans: G. Cardano, N. Tartaglia, L. Ferrari and just keeps going [3] . Talk to the historically adept or visit a library. I hope this meander encourages some people to spend some time getting lost in the world of mathematics.
